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Optimal noisy quantum phase estimation with finite-dimensional states
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Phase estimation in quantum interferometry is a major scenario where the quantum advantage is significantly
revealed. Recently, the optimal finite-dimensional probe states (OFPSs) for phase estimation in two-mode
quantum interferometry have been provided with the absence of noise [Qin et al., Phys. Rev. A 112, 052428
(2025)]. However, the noise is inevitable in practice and the previously obtained OFPSs may cease to be optimal
anymore. Hence, the forms of the true OFPSs in the existence of various noises are still open questions. Here, the
noise of particle loss is studied and the true OFPSs under this noise have been investigated with the numerical
algorithm named constrained optimization by linear approximation. Furthermore, a two-step measurement
strategy is proposed to realize the ultimate precision limit in practice. The validity of this strategy is confirmed
by the numerical simulation of practical experiments.
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I. INTRODUCTION

Phase estimation in quantum interferometry is the first
scenario that proves that the standard quantum limit can be
overcome [1–3], and with years of development, it has become
one of the most important topics in quantum metrology. To
provide an optimal scheme for phase estimation, searching for
the optimal probe state is always the first thing to do, and has
certainly been given extensive attention in many years [4–17].
The Fock basis, of which the elements are the eigenstates of
the number operator, is a common representation of quantum
states in many quantum systems, especially the bosonic sys-
tems. Many finite-dimensional states in the Fock basis are
proved to be very powerful in quantum metrology [16,18–
27], such as the well-known twin-Fock state [16,18–20] and
N00N state [21–24]. However, the consistency between the
average particle number and state dimension in these states
makes it difficult to distinguish the contributions of the aver-
age particle number and state dimension to the final precision.
Hence, investigations on those finite-dimensional states with
inconsistent average particle number and state dimension be-
come an emerging topic [28–36] in recent years, especially
searching for the optimal ones in various scenarios [33–36].

Recently, Lee et al. [33] provided the optimal finite-
dimensional probe state (OFPS) with respect to a fixed
average particle number for the phase estimation in a single-
mode bosonic system. Thereafter, the OFPSs for estimating
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the phase difference in both linear and nonlinear two-mode
quantum interferometries have been given and thoroughly
discussed [34] with the absence of noise. Moreover, it has
been shown that both parity [37–41] and particle-counting
(PC) [42–46] measurements are optimal measurements for
the OFPS at the point of true value. The dependence of the
optimality of these two measurements on the true value can
be well eliminated via the adaptive measurements, where a
tunable phase is involved and tuned based on the sharpness or
other quantities [47–55]. The proposed scheme with the OFPS
provides an aspect to enhance the measurement precision of
phase difference without increasing the particle number of
the probe. This scheme would be very useful in scenarios
like biological detection [56], where a weak light probe is
required to avoid damaging the biological specimen, and in
cost-effective environments including the satellites [57] and
chips [58]. It would also be very useful in the scenarios where
the noise floor is strongly related to the particle number.

For the sake of providing a rigorous analytical result, the
OFPS in the two-mode interferometry is first studied in the
ideal scenario; namely, no noise is involved. However, the
existence of noise is inevitable in practice. In quantum inter-
ferometry, the particle loss is one of the major noise modes
and has been widely investigated in recent years [59–67]. In
the case that the particle loss exists, the found forms of the
OFPS may cease to be optimal anymore, at least in math-
ematics. Therefore, what the true OFPSs are under particle
loss and how they perform in practice are still open questions.
Providing answers to these questions is the major motivation
of this work.

When the noise of particle loss exists, the analytical op-
timization of the probe state becomes extremely hard, if not
fully impossible, since the state is mixed, and numerical op-
timization methodology has to be involved. In this paper, the
constrained optimization by linear approximation (COBYLA)

2643-1564/2026/8(2)/023125(10) 023125-1 Published by the American Physical Society

https://orcid.org/0000-0001-9944-4493
https://ror.org/03q648j11
https://ror.org/04713ex73
https://ror.org/00p991c53
https://crossmark.crossref.org/dialog/?doi=10.1103/l752-sl6p&domain=pdf&date_stamp=2026-05-05
https://doi.org/10.1103/953x-1rkm
https://doi.org/10.1103/l752-sl6p
https://creativecommons.org/licenses/by/4.0/


JIN-FENG QIN AND JING LIU PHYSICAL REVIEW RESEARCH 8, 023125 (2026)

algorithm [68–70] is used as the numerical method to locate
the noisy OFPS for different amounts of particle loss. In
contrast with the noiseless scenario, the parity and particle-
counting measurements are no longer optimal under particle
loss, and in this case, the optimal measurement can be con-
structed via the eigenvectors of the symmetric logarithmic
derivative. Unfortunately, this measurement is unrealizable in
practice due to its dependence on the true value. To solve this
problem, a two-step measurement strategy is proposed and its
validity in practice is confirmed by numerical simulations of
the experiments.

II. THEORETICAL MODEL AND DEPICTION
OF THE PRECISION LIMIT

A common way to accumulate phase in a single-
mode bosonic system is usually realized by the operator
exp(iφaa†a), with a the annihilation operator of the mode and
φa the accumulated phase. In a two-mode bosonic system with
a and b the annihilation operators, the total phase accumu-
lation for both modes is exp(iφaa†a + iφbb†b), with φb the
accumulated phase on mode b. Utilizing the Schwinger oper-
ator Jz = (a†a − b†b)/2 and number operator n = a†a + b†b,
the total phase accumulation can be rewritten into

eiφtotn/2eiφJz =: Ulin, (1)

where φtot = φa + φb is the total phase and φ = φa − φb is
the phase difference. This type of phase shift is usually called
the linear phase shift since the accumulation operator φaa†a
is proportional to a†a. When the accumulation operator is
proportional to the kth power of a†a, i.e., φa(a†a)k , the cor-
responding phase shift is usually called the nonlinear phase
shift. In this paper, we only consider the nonlinear case with
k = 2, which can be readily realized in the current experi-
ments. The nonlinear cases with higher powers will be further
investigated in the near future. When both phase shifts on two
modes are nonlinear with k = 2, the total phase accumulation
is expressed by

eiφtot [(a†a)2+(b†b)2]/2eiφnJz =: Unon. (2)

Although two phases φtot and φ exist in the operators Ulin and
Unon, their absolute values cannot be directly measured simul-
taneously without an external reference. In the meantime, if
the absolute value of φa or φb is needed to be measured, the
absolute value of the other one has to be known in principle,
which means that the final precision of the unknown phase
would be limited by the precision of the known phase. In this
sense, the quantum advantage of the interferometry could be
fully useless as long as the known phase is measured in a tradi-
tional way and its precision is limited by the standard quantum
limit. Therefore, in this work we focus on the estimation of the
phase difference φ that would avoid the aforementioned prob-
lems. Both linear and nonlinear phase shifts will be studied.

Particle loss is a common noise mode in quantum phase
estimation, which in theory can be modeled by the fictitious
beam splitter [59–61]. In a two-mode bosonic quantum in-
terferometric model, the particle losses on two modes are
usually modeled by two fictitious beam splitters. Recall that

FIG. 1. Illustration of the phase estimation and particle loss in
the scenario of the quantum optical interferometry. The light-green
blocks represent the fictitious beam splitters, which are used to depict
the particle loss in theory.

the modes a and b are those of both arms. The operators for
the fictitious beam splitters can be written as

BT1
ac = ei η1

2 (a†c+ac† ), (3)

BT2
bd = ei η2

2 (b†d+bd† ), (4)

where c and d are two fictitious modes representing the
particle loss. T1 = cos2(η1/2) and T2 = cos2(η2/2) are the
transmission coefficients. In the case that T1 (T2) equals 1, no
loss happens from the mode a (b), and when T1 (T2) equals
zero, all particles are lost from the mode a (b). It has been
shown that [59–61] the results would be the same when the
particle loss occurs before or after the state goes through the
phase shifts. Hence, here we take the case that the particle loss
occurs first, and in this case the state going through the phase
shifts is actually a mixed state. To better present the physical
scenario we discuss, the phase estimation and particle loss
are illustrated in Fig. 1 via the example of quantum optical
interferometry. Notice that the light-green and blue blocks
represent the fictitious and physical interferometer beam split-
ters, respectively. However, the main results of this work are
not limited to this scenario.

The full quantum state of all modes a, b, c, and d before
the particle loss happens can be written as |ψin〉 ⊗ |0〉c ⊗ |0〉d ,
where |ψin〉 is the probe state on modes a and b. |0〉c (|0〉d ) is
the vacuum state of the fictitious mode c (d), and ⊗ represents
the tensor product. Based on the fictitious beam splitter oper-
ators given in Eqs. (3) and (4), the full state going through the
fictitious beam splitters is

|ψ〉 = BT2
bd BT1

ac|ψin〉 ⊗ |0〉c ⊗ |0〉d . (5)

By tracing out the unobserved environmental modes c and d ,
the reduced density matrix on modes a and b is

ρ = Trcd
(
BT2

bd BT1
ac|ψ〉〈ψ |BT1

ac
†
BT2

bd
†)

, (6)

where Trcd (·) is the partial trace on modes c and d .
The parametrized state then reads ρφ = UlinρU †

lin and
ρφ = UnonρU †

non for the linear and nonlinear phase shifts,
respectively.
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In the quantum parameter estimation, the quantum Cramér-
Rao bound (also known as Helstrom bound) is one of the
most well-used tools to depict the precision limit. In this
theory, the precision of the phase difference is depicted by the
variance δ2φ. Furthermore, the variance satisfies the following
inequality [71,72]:

δ2φ � 1

μI
� 1

μF
. (7)

Here, μ is the repetition number of the experiment, and I
and F are, respectively, the classical Fisher information (CFI)
and quantum Fisher information (QFI). For a set of discrete
probability distribution {pi}, the CFI can be calculated via
the equation I = ∑

i(∂φ pi )2/pi. Here, ∂φ is short for ∂/∂φ.
For the density matrix ρφ , the QFI can be calculated via the
expression F = Tr(ρφL2) [71,72]. Here, L is the symmetric
logarithmic derivative (SLD) and is determined by the equa-
tion ∂φρφ = (ρφL + Lρφ )/2.

Now, denote the spectral decomposition of ρ in Eq. (6) as
ρ = ∑

λi∈S λi|λi〉〈λi|, with λi and |λi〉 the ith eigenvalue and
eigenstate of ρ and S = {λi ∈ {λi}|λi �= 0}. According to the
expression of the QFI for unitary parametrization processes
[73–75], the QFI for the linear phase shifts can be calculated
by

F =
∑
λi∈S

4λivar|λi〉(Jz ) −
∑

λi,λ j∈S
i �= j

8λiλ j

λi + λ j
|〈λi|Jz|λ j〉|2, (8)

where var|λi〉(Jz ) := 〈λi|J2
z |λi〉 − 〈λi|Jz|λi〉2. For the nonlinear

phase shifts, the expression of the QFI can be obtained by
replacing Jz with nJz in the equation above. In this work, the
QFI will be used as the objective function for the optimization.

III. THE NOISELESS OFPS

The finite-dimensional states are well studied in the quan-
tum parameter estimation and constantly compared to the
continuous-variable states, especially in the two-mode sys-
tems. In the past, the study of two-mode finite-dimensional
states usually focused on the form

∑N
i=0 ci|i, N − i〉, with

|i, N − i〉 a Fock state and ci a complex coefficient. The advan-
tage of this form is that the average particle number is always
fixed and can be readily realized in quantum systems like cold
atoms in a double-well potential. However, the disadvantage
is that the average particle number always equals to the di-
mension of the state minus one, and their contributions to the
enhancement of the final precision cannot be distinguished.
For the sake of investigating the effect of the state dimension
on the precision, a more general form should be used, which
reads

|ψ〉 =
N∑

i, j=0

ci j |i j〉. (9)

Here, N is referred to as the Fock dimension and |i j〉 is a Fock
state. ci j is a complex coefficient. The average particle number
(denoted by n̄) for this state is

n̄ =
N∑

i, j=0

|ci j |2(i + j), (10)

which could be chosen as any value in the region [0, 2N].
Hence, the contributions of the average particle number and
the Fock dimension can be identified independently.

Based on the form in Eq. (9), the OFPS can be analytically
or numerically obtained by maximizing the QFI. Recently, the
OFPSs for this case have been analytically provided in the
absence of noise [34]. The form of the OFPS relies on the
region of n̄. For the linear phase shifts, in the region n̄ ∈ (0, N]
the OFPS reads√

N − n̄

N
|00〉 +

√
n̄

2N
(eiθ1 |0N〉 + eiθ2 |N0〉), (11)

where θ1, θ2 ∈ [0, 2π ) are the relative phases. In the region
n̄ ∈ [N, 2N ), the OFPS reads√

2N − n̄

2N
(eiθ1 |0N〉 + eiθ2 |N0〉) +

√
n̄ − N

N
|NN〉. (12)

The QFIs for the states in Eqs. (11) and (12) are n̄N and
N (2N − n̄), respectively.

For the nonlinear phase shifts, in the region n̄ ∈ (0, N], the
OFPS is still the state given in Eq. (11). Furthermore, in the
region n̄ ∈ [N, � 4N+1

3 �], the OFPS is√
n̄ − �n̄�

2
(|�n̄� + 1 − N, N〉 + eiθ1 |N, �n̄� + 1 − N〉)

+
√

1 − (n̄ − �n̄�)

2
(eiθ2 |�n̄� − N, N〉 + eiθ3 |N, �n̄� − N〉),

(13)

where θ1, θ2, and θ3 are the relative phases. The symbol �·�
represents the floor function. In this case, if n̄ is an integer, the
state above reduces to

1√
2

(|n̄ − N, N〉 + eiθ |N, n̄ − N〉), (14)

with θ a relative phase. Furthermore, in the region n̄ ∈
[� 4N+1

3 �, 2N ), the OFPS is√
2N − n̄

2(N − ζ )
(eiθ1 |ζN〉 + eiθ2 |Nζ 〉) +

√
n̄ − N − ζ

N − ζ
|NN〉.

(15)

Here, ζ = �N+1
3 �, and θ1, θ2 are the relative phases. If N/3 is

an integer, the OFPS in this case reduces to√
3(2N − n̄)

4N

(
eiθ1

∣∣∣∣N

3
, N

〉
+ eiθ2

∣∣∣∣N,
N

3

〉)
+

√
3n̄ − 4N

2N
|NN〉.

(16)

These OFPSs are analytically obtained in the ideal case,
namely, without considering the existence of any noise. Their
performance under the noise of particle loss has been thor-
oughly studied and compared to other finite-dimensional
states like the N00N state and twin-Fock state in Ref. [34].
When the noise of particle loss exists, the aforementioned
OFPSs may no longer be optimal anymore in mathematics. In
the optimization process, the diagonalization of ρφ is usually
required, which makes it difficult to search the OFPS ana-
lytically in this case. Hence, numerical methods are the first
choice in this work to locate the true OFPS under particle loss.
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IV. TRUE OFPS UNDER PARTICLE LOSS

In finite-dimensional probe state optimization, the con-
straint of a fixed input average particle number n̄ makes it a
constrained optimization problem. For the finite-dimensional
state given in Eq. (9), the constrained optimization problem
can be formulated as

max
Ci j

F (Ci j )

s.t.

⎧⎪⎪⎨
⎪⎪⎩

|Ci j | ∈ [0, 1], ∀i, j ∈ [0, N],∑N
i, j=0 |Ci j |2 = 1,∑N
i, j=0 |Ci j |2(i + j) = n̄,

(17)

where the symbol “s.t.” is short for “subject to.” Hence,
in this case an efficient constrained optimization algorithm
is required. Fortunately, Powell [68–70] developed a very
powerful algorithm, the COBYLA algorithm, which fits the
problem in our case. For the sake of simplification of the
problem, here we take Ci j as a real coefficient to reduce the
number of the variables in the optimization.

The COBYLA algorithm is a gradient-free optimiza-
tion method for constrained nonlinear optimization problems
[68–70]. The core philosophy of this algorithm is the lin-
ear approximations of the objective and constraint functions
at the vertices of the simplices via linear interpolation, and
then solving the approximated linear optimization problem
with simplex methods. This algorithm can be directly in-
voked with the function minimize(method=‘COBYLA’) or
fmin_cobyla() in the Python package SciPy. Moreover, this
state optimization scenario will be integrated into the package
QuanEstimation [76,77] soon.

Utilizing the COBYLA algorithm, the true OFPS under
particle loss can be identified. As a demonstration, the located
noisy OFPS for T1 = T2 = 0.8 in the case of n̄ = 2 and N = 6
is illustrated in Fig. 2(a), which shows that the noiseless
OFPS indeed ceases to be optimal anymore. The numerical
optimization finishes when the variety of the optimized QFI
converges to the scaling of 10−6. Furthermore, random phases
are added to the optimized coefficients to test the validity of
the real optimal coefficients. As shown in Fig. 2(b), 10 000
groups of random phases are generated and added to the real
optimal coefficients. The corresponding QFIs for these states
(blue dots) are no larger than the one with real optimal coef-
ficients (red line). This fact indicates that the optimal solution
indeed exists for real coefficients in this case. In fact, in a
specific case one can combine these two steps to locate the
noisy OFPS with complex coefficients.

It is not difficult to realize that the formula of the noisy
OFPS relies on the values of the transmission coefficients.
To investigate the behavior of the maximum precision limit
with different transmission coefficients, 100 noisy OFPSs are
obtained via the COBYLA algorithm in both linear and non-
linear cases with N = 6 and n̄ = 2, 8. The program was run
on a cluster with each node having 56 CPUs (2.7 GHz) and
240 GB memory. The values of the QFI with respect to the
noisy OFPSs in the regions of n̄ < N (n̄ = 2) and n̄ > N (n̄ =
8) are given in Figs. 3(a1) and 3(a2) for the linear phase shifts,

(a)

(b)

positive
negative

FIG. 2. (a) Tomography of the noisy OFPS obtained via
COBYLA for T1 = T2 = 0.8 in the case of n̄ = 2 and N = 6. The
red and gray bars represent that the value of the corresponding
entry is positive and negative, respectively. (b) Validity test of the
noisy OFPS obtained with real coefficients. Ten thousand groups of
random phases (blue dots) are generated and used for the test. The
red line represents the QFI for the noisy OFPS with real coefficients.

and Figs. 3(a3) and 3(a4) for the nonlinear phase shifts. The
separation of the regions is due to the existence of different
formulas of the noiseless OFPS in these two regions. In all
figures, the negative effect of particle loss coincides with the
general understanding that it becomes more significant when
the values of T1 and T2 reduce. Since the formulas of the
noisy OFPSs are usually more complex than their noiseless
counterparts, the preparation of the noisy OFPSs might also be
more complex in practice. Hence, a more important question
here is when the noiseless OFPSs can still present comparable
performance with the noisy OFPSs.

It is obvious that the comparable performance can only
exist when the particle loss is not significant. Hence, the QFI
for large transmission coefficients needs to be investigated
for the sake of answering the aforementioned question. De-
note T1 = 1 − δ1 and T2 = 1 − δ2 with δ1 and δ2 two small
quantities, then the Taylor expansion of the ith eigenvalue
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n̄ = 2 n̄ = 8

n̄ = 2 n̄ = 8

FIG. 3. The values of the QFI for the true OFPSs under particle loss as a function of transmission coefficients T1 and T2 for (a1) linear phase
shifts with n̄ = 2 (n̄ < N); (a2) linear phase shifts with n̄ = 8 (n̄ > N); (a3) nonlinear phase shifts with n̄ = 2 (n̄ < N); and (a4) nonlinear phase
shifts with n̄ = 8 (n̄ > N). (b) The values of QFI for the analytical (solid cyan line) and approximated (dashed black line) results regarding the
noiseless OPFS and that of the noisy OFPSs (red triangles) for different values of δ (δ1 = δ2 = δ). (c) The behaviors of the approximated QFI
with respect to the noiseless OFPS given in Eq. (11) as a function of δ1 and δ2 in the linear case with n̄ = 2. N = 6 and φtrue is set to be 0.2 in
all plots.

and eigenstate of ρ, up to the first order of δ1 and δ2, can be
expressed by

λ0 = 1 − δ1λ0,1 − δ2λ0,2, (18)

λi = δ1λi,1 + δ2λi,2, ∀i �= 0 (19)

and

|λ0〉 = |ψin〉 + δ1|λ0,1〉 + δ2|λ0,2〉, (20)

|λi〉 = δ1|λi,1〉 + δ2|λi,2〉, ∀i �= 0. (21)

Here, λ0,1, λi,1 (λ0,2, λi,2) and |λ0,1〉, |λi,1〉 (|λ0,2〉, |λi,2〉) are
the first-order terms with respect to δ1 (δ2). The existence of λ0

and |λ0〉 is due to the fact that ρ is actually the pure state |ψin〉
when T1 = T2 = 1. Based on Eq. (8), the QFI with respect to
ρ up to the first order (denoted by Flin) in the linear case is

Flin = 4λ0
(〈λ0|J2

z |λ0〉 − 〈λ0|Jz|λ0〉2). (22)

Namely, the approximated QFI is just the QFI with respect to
|λ0〉 multiplying λ0. When the probe state |ψin〉 is the noiseless
OFPS given in Eq. (11) or (12), the term 〈ψin|Jz|ψin〉 vanishes,
which means

Flin ≈ 4λ0
(〈λ0|J2

z |λ0〉
)
. (23)

This fact can be further confirmed by Fig. 3(b), where the
behaviors of the analytical (solid cyan line) and approximated
(dashed black line) results coincide with each other in the case
of symmetric loss (δ1 = δ2 = δ) with n̄ = 2 and N = 6. More

importantly, the noiseless OFPS presents comparable perfor-
mance with the noisy OFPSs (red triangles); hence, in this
region of loss the noiseless OFPS would be a better choice as
the probe state. Moreover, this result also indicates that in this
region both the optimality and performance of the noiseless
OFPS are very robust. As to the robustness of the noisy OFPSs
in the entire region, it is difficult to define the robustness in
this case since the form of the noisy OFPS relies on the loss
rate. Different loss rates usually correspond to different noisy
OFPSs. Therefore, further investigations are still needed to
quantify the robustness against the loss in general.

Apart from the average particle number, the Fock dimen-
sion is another powerful resource in the OFPS to further
improve the precision limit in the absence of noise [34]. How-
ever, the impact of loss on the effectiveness of the Fock di-
mension is still unknown. Due to the previous discussions, the
noiseless OFPSs present comparable performance in the case
that T1 = T2 � 0.9; hence, in this region the noiseless OFPSs
can be used instead of the noisy OFPSs to reveal the influence
of the particle loss on the effectiveness of the Fock dimension.
As shown in Fig. 4, the QFIs of the noiseless OFPSs in the
cases of T1 = T2 = 0.98 (purple diamonds) and 0.94 (green
triangles) increase as the Fock dimension grows, indicating
that Fock dimension is still an effective resource to improve
the precision limit in this region. In the case that T1 = T2 =
0.8, the QFIs of the noiseless OFPSs (black squares) decrease
as the Fock dimension grows. This fact means that if the
noiseless OFPSs are still taken as the probe states in this case,
Fock dimension ceases to be an effective resource. If the noisy
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FIG. 4. The QFIs of the noiseless and noisy OFPSs with different
values of the Fock dimension N . The purple diamonds, green trian-
gles, and black squares represent the QFIs of the noiseless OFPSs
for the transmission coefficients T1 = T2 = 0.98, 0.94, 0.80, respec-
tively. The red crosses represent the QFIs of the noisy OFPSs with
respect to T1 = T2 = 0.8. In the entire figure, n̄ = 2.

OFPSs are applied, the QFIs (red crosses) recover to a slowly
growth trend. Hence, in this case the Fock dimension is still an

effective resource when the noisy OFPSs are used. However,
its efficiency on the performance improvement is limited.

V. OPTIMAL MEASUREMENT

A complete protocol for quantum phase estimation con-
tains not only the probe state but also the measurement. To fit
the usual form of the measurement in quantum interferometry,
a beam splitter is added before the measurement is executed,
as illustrated in Fig. 1. The theoretical operator for this beam
splitter is exp(iπJx/2), with Jx = (a†b + ab†)/2 a Schwinger
operator.

With the absence of noise, both parity and particle-
counting measurements are optimal to the OFPS for some
specific true values [34]. The dependency of the optimality
of these two measurements on the true value φtrue can be over-
come by the adaptive measurement, where a tunable phase
is involved and tuned properly. When the particle loss exists,
both the parity and particle-counting measurements cease to
be optimal with respect to the noisy OFPS, and even the
noiseless OFPS. As a demonstration, the QFIs of the noisy
OFPS (purple dots) and noiseless OFPS (black dots), and the
CFI (green circle) of the PC measurement with respect to the
noisy OFPS are illustrated in Fig. 5(a) in the case of n̄ = 2
and N = 6. The transmission coefficients are T1 = T2 = 0.8
and the true value φtrue is set to be 0.2. It can be seen that in

φ̂1 φ̂2

φ̂1 φ̂2 φ̂3

φ̂3

FIG. 5. (a) The behaviors of the QFI and CFI (or average CFI) for noisy and noiseless OFPSs as functions of phase difference φ. The
average CFIs of the noisy OFPS correspond to the SLDM with different estimated values, and are the average of 2000 simulations. (b) The
values of the CFI and QFI for the noisy OFPS with PC measurement in the entire region of φ. (c) Illustration of the two-step strategy to realize
the optimal measurement without the knowledge of the true value. (d) Simulation of the performance of the two-step strategy in practice. All
lines are the average performance of 2000 simulations. In panels (a), (b), and (d), the parameters are set as n̄ = 2, N = 6, and T1 = T2 = 0.8.
The true value φtrue = 0.2.
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this case the noiseless OFPS indeed ceases to be optimal due
to the large gap between its QFI and that of the noisy OFPS. In
the meantime, the PC measurement is not an optimal measure-
ment to the noisy OFPS. The CFI of the parity measurement
is no larger than that of the PC measurement, and thus is not
optimal either. Furthermore, although the performance of the
adaptive PC measurement can reach the maximum CFI in the
entire region of φ, it is still far from the value of the QFI, as
shown in Fig. 5(b), which means that the performance of the
adaptive measurement in this case is limited. Therefore, the
optimal measurement of the noisy OFPS has to be located for
the sake of providing a complete optimal scheme.

One simple way to construct the optimal measurement is
using the eigenvectors of the SLD. Denote |Lk〉 as the kth
eigenvector of L, then the projective measurement constructed
via the SLD (SLDM) at the point of the true value (denoted
by {ei π

2 Jx |Lk〉〈Lk|e−i π
2 Jx }φ=φtrue , the rotation of ei π

2 Jx is used to
cancel the effect of the second beam splitter) is the optimal
measurement; i.e., the CFI of the SLDM at this point equals
the QFI. Here, the CFI can be calculated via the equation

I =
∑

k

(∂φ〈Lk|ρφ|Lk〉)2

〈Lk|ρφ|Lk〉 . (24)

The CFI of the SLDM in the case of n̄ = 2 and N = 6 is also
illustrated in Fig. 5(a) (red line) as a demonstration. At the
point of φtrue, as shown in the plot, the CFI of the SLDM
reaches the QFI, indicating that it is indeed optimal at this
value point.

Similar to the parity and PC measurements in the noiseless
scenario, SLDM depends on the phase difference φ and is
only optimal at the point φ = φtrue. However, in practice φtrue

is not known, and more importantly, the choice of φ in the
SLDM affects not only the optimality like the parity and PC
measurements but also the specific form of the SLDM. Hence,
when the particle loss exists we have to find a way to realize
the optimal measurement without the knowledge of φtrue.

In this paper, we provide a two-step measurement strategy
to realize the optimal measurement in practice without a high
prior knowledge of the true value before the experiment, as
illustrated in Fig. 5(c). The first step is the Bayesian pre-
estimation. Both the parity and PC measurements can be used
in this step. The PC measurement is usually more efficient
and requires fewer iteration numbers. After the Bayesian pre-
estimation, the estimated value φ̂1 is obtained and used to
construct the SLDM, i.e., {ei π

2 Jx |Lk〉〈Lk|e−i π
2 Jx }φ=φ̂1

. The sec-
ond step is the Bayesian estimation with the SLDM. In this
step, several SLDMs are constructed with the estimated values
of φ. For example, after proper iterations of the Bayesian
estimation with {ei π

2 Jx |Lk〉〈Lk|e−i π
2 Jx }φ=φ̂1

, an estimated value
φ̂2 is obtained and used to construct the second SLDM
{ei π

2 Jx |Lk〉〈Lk|e−i π
2 Jx }φ=φ̂2

, which is further applied in the esti-
mation to obtain another estimated value. This process repeats
until the precision converges. The iteration numbers of the
pre-estimation and each SLDM need to be determined case
by case in practice. Due to the limited performance of the
Bayesian estimation with the parity or PC measurement under
particle loss, the pre-estimation does not need too many itera-
tions. The improvement would be very little once it converges.

The case of n̄ = 2 and N = 6 is still taken to demon-
strate the performance of the given two-step strategy. The
simulation of the experiment is given in Fig. 5(d). The PC
measurement is chosen in the first step. The prior probability
distribution of φ is a uniform one in the region [0, π/6].
After 50 iterations of pre-estimation (solid red line), φ̂1 is
obtained. In the second step, two SLDMs are constructed
and applied. The first one is constructed via φ̂1 and used
in 250 iterations (dashed blue line). The second one is con-
structed via φ̂2, which is obtained at the end of the 300th
iteration, and used in the rest iterations (dash-dotted green
line). All lines are the average of 2000 simulations. It shows
that the result of the two-step strategy coincides with the
theoretical optimal measurement {ei π

2 Jx |Lk〉〈Lk|e−i π
2 Jx }φ=φtrue

(dashed black line, also the average of 2000 simulations).
And it reaches the precision limit given by the QFI (dotted
purple line). This performance is way better than the adap-
tive PC measurement of the noiseless OFPS (solid-triangle
cyan line, the average of 2000 simulations), and more tech-
nical details of the Bayesian and adaptive measurements can
be found in Ref. [34]. To more intuitively understand the
two-step strategy, the average CFIs of the SLDMs with re-
spect to φ̂1 and φ̂2 are given in Fig. 5(a) as the dashed blue
and dash-dotted green lines. It can be found that the val-
ues of the average CFI increase at the point of φtrue when
the measurement changes from {ei π

2 Jx |Lk〉〈Lk|e−i π
2 Jx }φ=φ̂1

to {ei π
2 Jx |Lk〉〈Lk|e−i π

2 Jx }φ=φ̂2
. More importantly, the per-

formance of the SLDM {ei π
2 Jx |Lk〉〈Lk|e−i π

2 Jx }φ=φ̂2
basi-

cally coincides with the theoretical optimal measurement
{ei π

2 Jx |Lk〉〈Lk|e−i π
2 Jx }φ=φtrue , especially at the point of φtrue.

Hence, the given two-step strategy can indeed realize the
optimal measurement of the noisy OFPS in practice and reach
the ultimate precision limit.

VI. CONCLUSION

In conclusion, in this paper we have located the OFPSs for
quantum phase estimation under the noise of particle loss. The
performance of the noisy OFPSs is investigated for different
amounts of particle loss. The noiseless OFPSs show a compa-
rable performance with the noisy OFPSs in the case of small
losses.

Optimal measurement is indispensable for a complete op-
timal phase estimation scheme. Different from the noiseless
case, the parity and particle-counting measurements cease to
be optimal under the noise of particle loss. The projective
measurement constructed via the eigenvectors of the sym-
metric logarithmic derivative (SLDM) is then applied as the
optimal measurement instead. To solve the problem of the
dependence of the SLDM on the true value, which makes
it unrealizable in practice, a two-step strategy based on the
Bayesian estimation is proposed. Utilizing the numerical sim-
ulation of the practical experiment, this strategy is proved
to be an efficient way to realize the ultimate precision limit
quantified by the quantum Fisher information.

Quantum interferometry with the OFPSs provides a full
approach, i.e., Fock dimension, to further improve the phase
sensitivity without increasing the particle number of the
probe. To make the OFPSs applicable in practice, their
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preparations in various physical platforms are crucial and
require deep investigations. Given the current quantum infor-
mation techniques, quantum circuits appear to be the most
promising platform for the practical implementation of OFPSs
in the near future and worth further investigation. Moreover,
the forms of the OFPSs for quantum multiphase estimation
are still open questions and also worth to be further studied.

Particle loss is a common noise mode in quantum inter-
ferometry, yet not the only one. The preparation inefficiency
of the probe state and the detector inefficiency are also very
important noise sources [19,78,79]. The effect of the prepa-
ration inefficiency is similar to the particle loss, which also
makes the state mixed before it goes into the phase shifts.
Hence, the OFPSs under this noise can also be readily solved
via the COBYLA algorithm. The involvement of detector
inefficiency would be more completed. The form of the OFPS
is not affected by the detector inefficiency in principle since
the used objective function is the QFI. However, it is highly
possible that the detector inefficiency would make it hard or
even impossible to find the optimal measurement to attain
the QFI of the OFPS. An alternative approach is to optimize
the probe state and measurement simultaneously with the CFI
as the objective function. The performance of this optimiza-
tion process is hard to predict due to the general difficulty
of multivariable optimizations. Therefore, the optimal phase

estimation schemes with finite-dimensional states involving
the detector inefficiency are still an open problem and need to
be further investigated in the future. In the meantime, locating
the noisy OFPSs poses a significant computational challenge
for the COBYLA algorithm when the Fock dimension is large.
State-of-the-art learning algorithms might be potential candi-
dates to solve this problem.

Due to the importance of quantum interferometry in
quantum information and technology, the proposed phase es-
timation scheme with the OFPSs would be very useful in
practice. It has great potential to be applied soon in both
quantum industry and fundamental research like gravitational-
wave detections and tests of fundamental physics.
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